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l. INTRODUCTION

The notion of 8-open sets in bitopological spaces was introduced by Banerjee [4], who used this notion to
study &-continuous functions in bitopological spaces. In (2014) B. M. Ittanagi [10] Introduced and studied the
concept of soft bitopological spaces which are defined over an initial universe set with a fixed set of parameters.

The main purpose of this paper is to continue investigating soft sets in soft bitopological. It is organized as
follows . In section 2 we write basic notions and results concerning the theory of soft sets, soft topological
spaces, and soft bitopological. Section 3 contains the definition and some properties of soft ij-regular open sets
and soft ij-regular closed sets on soft bitopology. In section 4, the notions of soft ij-6-open set, soft ij-5-closed
set and soft ij-d-bitopological space are defined and some of their properties are studied. Also, some other
characterizations of soft ij-d-interior and soft ij-o-closure are investigated. Finally, in section 5, the definition
and properties of soft ij-o-derived set, soft ij-o-border set, soft ij-o-frontier set, and Soft ij-5-exterior set are
presented.

2- PRELIMINARIES

Definition 2.1. [13]. Let X be an initial universe set, P(X) the power set of X, that is the set of all subsets of X,
and E a set of parameters. A pair (F,E), where F is a map from E to P(X), is called a soft set over X. In what
follows by SS(X,E) we denote the family of all soft sets over X.

Definition 2.2. [13]. Let (F,E), (G,E)ESS(X,E). We say that the pair (F,E) is a soft subset of (G,E) if F(p)SG(p), for
every p€E. Symbolically, we write (F,E)E(G,E). Also, we say that the pairs (F,E) and (G,E) are soft equal if (F,E)C
(G,E) and (G,E)E(F,E), Symbolically, we write (F,E)=(G,E).

Definition 2.3. [13]. Let / be an arbitrary index set and{(F,E):iE}€SS\X,E). Then.
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(1) The soft union of these soft sets is the soft set (F,E)ESS(X,E), where the map F:E->P(X) is defined as
follows: F(p)=U{Fi(p):i€l}, for every p€E. Symbolically, we write (F,E)=U{(F;E):i€l}.

(2) The soft intersection of these soft sets is the soft set (F,E)ESS(X,E), where the map F:E->P(X) is defined as
follows: F(p)=n{Fi(p):i€l}, for every p€E. Symbolically, we write (F,E)=N{(F;E):i€l}.

Definition 2.4. [19]. Let (F,E)ESS(X,E). The soft complement of (F,E) is the soft set (H,E)ESS(X,E), where the
map H:E->P(X) defined as follows: H(p)=X\F(p), for every p€E. Symbolically, we write (H,E)=(F,E)". obviously,
(F,E)*=(F,E) [10]. For two given subsets (M,E), (N,E)ESS(X,E) [28], we have.

(1) ((M,E)U(N,E))*=(M"E)11(NE),

(2) ((M,E)N(N,E))*=(M",E)LI(NE).

Definition 2.5. [13]. The soft set (F,E)ESS(X,E), where F(p)=¢, for every p€E is called the A-null soft set of
SS(X,E) and denoted by Og. The soft set (F,E)ESS(X,E), where F(p)=X, for every p€E is called the E-absolute soft
set of SS(X,E) and denoted by 1¢.

Definition 2.6. [19]. The soft set (F,E)ESS(X,E) is called a soft point in X, denoted by e, if for the element e€E,
F(e)#d and F(e')=¢ for all e’'€E\{e}.

Definition 2.7. [19]. The soft point e; is said to be in the soft set (G,E), denoted by ef&(G,E), if for the element
e€E, F(e)E=G(e).

Definition 2.8. [9]. Two soft points eg, ey in SP(X) are distinct, written egzey, if there corresponding soft sets
(G,E) and (H,E) are disjoint.

Proposition 2.9. [19]. Let eESP(X) and (G,E)ESS(X,E). If e:&(G,E), then e:&(G",E).

Definition 2.10. [19]. Let X be an initial universe set, E a set of parameters and TSSS(X,E). We say that the
family T defines a soft topology on X if the following axioms are true.

(1) Og, 1cE7.

(2) If (G,E), (H,E)ET, then (G,E)M(H,E)€ET.

(3) If (G;,E)ET for every i€l, then U{(G,E):i€El}€T.

The triplet (X,T,E) is called a soft topological space. The members of t are called soft open sets in X. Also, a
soft set (F,E) is called soft closed set if the complement (F,E) belongs to T. The family of all soft closed sets is
denoted by 7.

Definition 2.11. Let (X,T,E) be a soft topological space and (F,E)ESS(X,E):
(1) The soft closure of (F,E) [17] is the soft set Cls(F,E)=m{(S,E):(S,E)Et”{c}, (F,E)E(S,E)}.
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(2) The soft interior of (F,E) [19] is the soft set Ints(F,E)=LI{(S,E):(S,E)€T, (S,E)E(F,E)}.
Theorem 2.1. [8]. Let (X,T,E) be a soft topological space over X and(F,E), (G,E)ESS(X,E). The following
statements are true.

(1)Cl5(0g)= 0¢ andCly(1)= 1.

(2) (F,E)ECI|(F,E).

(3) (F,E) is a soft closed set if and only ifCly(F,E)=(F,E).

(4)Cl(CI(F,E))=CI(F,E).

(5) (F,E)E(G,E) impliesCly(F,E)ECI(G,E).

(6)CI((F,E)LI(G,E))=CI,(F,E)LICI|(G,E).

(7)CI((F,E)N(G,E))ECI(F,E)NCIH(G,E).
Theorem 2.2. [8]. Let (X,T,E) be a soft topological space over X and (F,E), (G,E)ESS(X,E). The following
statements are true.

(1) Int(Oe)= O and Ints(1e)= 1.

(2) Ints(F,E)E(F,E).

(3) Ints(Int,(F,E))=Int,(F,E).

(4) (F,E) is a soft open set if and only if Int,(F,E)=(F,E).

(5) (F,E)E(G,E) implies Int,(F,E)EInt,(G,E).

(6) Ints(F,E)NInt,(G,E)=Int,((F,E)N(G,E)).

(7) Ints(F,E)LiInt,(G,E)EInt((F,E)LI(G,E)).
Definition 2.12. [19]. A soft set (G,E) in a soft topological space (X,T,E) is called a soft neighborhood (briefly:
snbd) of a soft point e;€SP(X) if there exists a soft open set (H,E) such that e€(H,E)=(G,E). The soft
neighborhood system of a soft point ey, is denoted by NT(eF), is the family of all of its soft neighborhoods.
Theorem 2.3. [19]. Let (X,T,E) be a soft topological space and (G,E)€SS(X,E). Then.

(1) (Cl4(G,E)) =Int,(G",E).

(2) (Int4(G,E))*=CI(G",E).
Definition 2.14. [18]. Let (X,T,E) be soft topological space and (F,E) be a soft set over X.

(1) (F,E) is said to be a soft regular open set in X if (F,E)=Int,(Cl;(F,E), denoted by (F,E)ESRO(X,E).

(2) (F,E) is said to be a soft regular closed set in X if (F,E)=Cl(/nt,(F,E),denoted by (F,E)ESRC(X,E).
Remark 2.1. [18]. Every soft regular open set in soft topological space (X,T,E) is soft open set
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Definition 2.15.[10] Let (X,%;E) and (X, E) be the two different soft topologies on X. Then (X,7,%; E) is called a

soft bitopological space

3- SOFTij-REGULAR OPEN SETSAND SOFT ij-REGULARCLOESD SETS.

In this section, we define and introduce some properties of the soft ij-regular open sets and soft ij-regular
closed sets.
Definition 3.1. Let (X,7,7;, E)be soft bitopological space and (F,E) be a soft set over X. Also i,j€{1,2} and i#j

(1) (F,E) is said to be a soft ij-regular open set in X if (F,E)=i-Int,(j-Cl;(F,E)), denoted by (F,E)Eij-SRO(X,E).

(2) (F,E) is said to be a soft ij-regular closed set in X if (F,E)=i-Cls(j-Int,(F,E)),denoted by (F,E)Eij-SRC(X,E).
Remark 3.1.0; and 1; are always soft jj-regular open set and soft jj-regular closed set.
Remark 3.2. Every soft ij-regular open set in soft bitopological space (X,%;T; E) is soft open. but the converse is
not true, which follows from the following example.
Example 3.1. Let X={hi,hyhs,hs}, E={ei,e;} then  7:={0g 1, (F1,E),(F2,E),(Fs,E),(Fa,E),(Fs,E),(Fs,E)},
and?,={0¢,1,(G1,E),(G2,E),(G3,E),(Ga,E),(Gs,E),(Ge,E)}, where

(Fi.E)={(er{hi}),(e2,{ha})},

(F2,E)={(ew,{h2}),(e2,{h2})},

(F3,E)={(e1,{h1,h2}),(e2,{hs,h2})},

(Fa,E)={(en{h2,hs}),(e2,{h2,hs})},

(Fs,E)={(e1,{h1,h2,h3}),(e2,{,h2,hs})},

(Fe,E)={(en,{h1,h2,ha}),(€2,{,h,ha})},

(Gy,E)={(en{hs}),(e2,{hs})},

(G2,E)={(e1,{ha}),(e2,{ha})},

(G3,E)={(e1,{hs,ha}),(e2,{h3,ha})},

(Ga,E)=(Fa,E),

(Gs,E)=(Fs,E),

(Ge,E)=(Fs,E).

Then (F4,E), (Fs,E), (Fs,E)E12-SRO(X,E). And (F4,E),(F,E),(F3,E)E T4, (G1,E),(G2,E),(Gs3,E)E T, but the (Fy,E), (F2,E),
(Fs,E), (G4,E), (G2,E), (Gs,E)€12-SRO(X,E).
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Theorem 3.1. Let (X,7,7T;, E)be a soft bitopological space. Let (Fy,E),(F2,E)€Eij-SRO(X,E). Then. (F;,E)1(F4,E)€Eij-
SRO(X,E).

proof Let (Fy,E), (F2,E)€Eij-SRO(X,E). Such that (FyE)=i-Int(j-Cli(F1,E)), (F2,E)=i-Intyj-Cl{(F2,E)). Since
(F1,E)M(F2,E)Sj-Cls((F1,E)M(F2,E)). Then i-Inty(F1,E)M(F2,E))Si-Inty(j-Cl((F1,E)1(F2,E))), therefore (Fi,E)M(F,,E))=i-
Inty(j-Cl§((F+,E)1(F,E))).

Conversely, Since j-Cls((F1,E)N(F2,E))Sj-Cly(F1,E)j-Cls(F2,E). Then i-Inty(j-Cls((F1,E)(F2,E)))Ei-Int,(j-Cl(F4,E)) M-
Inty(j-Cl{(F2,E)). Imply that i-Int(j-Cls((F1,E)(F2,E)))=(F1,E)N(F2,E), and we are done.
Remark 3.3. A soft set (F,E) in a soft bitopological space (X,7,%; E)is soft ij-regular open set if and only if soft
complement (F,E) is soft jj-regular closed set.
Corollary 3.1. Let (X,7;T; E) be a soft bitopological space, and (F,E),(F2,E) €ij-SRC(X,E). (F1,E)LI(F2,E)€Eij-SRC(X,E).

proof. The proof is similar on Theorem 3.5.

4.SOFT ij-6-OPEN SET ANDSOFTij-5-CLOSED SET.

In this section, we define soft ij-6-open set, soft jj-6-closed set , soft ij-&-interior set and, soft ij-6-closure set
and investigate some of their related properties.

Definition 4.1. A soft set (U,E) is soft jj-6-open set if for each e;€(U,E), there exists a soft jj-regular open set
(G,E) such that e€(G,E)=(U,E), denoted by (U,E)€Eij-S60(X,E). i.e. A soft set is soft ij-6-open set if it is the union
of soft jj-regular open sets.The complement of soft ij-6-open set is said to be soft ij-6-closed set, denoted by
(U%,E)€ij-S6C(X,E).

Proposition 4.1. The familly Tg;of all soft ij-6-open sets defines a soft bitopology on X.

Proof. (1) It obvious that Og, 1¢€ ;.

(2) Let(Uy,E), (U2,E)E T5;. We shall prove that (U;,E)M(U,,E)E€ Tsj. There exists (Gy,E), (G2,E)€ij-SRO(X,E) sach
that (G1,E)=(Uy,E) and (Gy,E)=(UzE). Then (Gi,E)M(GaE)=(UyE)M(U2E). But (Gy,E)M(Ga,E)Eij-SRO(X,E), by
Theorem 3.5. Then (U;,E)M(U2,E)€ Ts;

(3) Let {(Uy,E):kENETs;. We shall prove that LI{(Uy,E):kENETs;. Eash {(Uy,E):k€El} is union of members of ij-
regular open sets. Then U{(UyE):k€l} is also is union of members of jj-regular open sets. Thus

L|{( Uk,E)ZkEI}E‘E&j.
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Example 4.1. The soft bitopological space is same in Example 3.1. We heve (F3,E), (Fs,E), (Fe,E)E12-SRO(X,E).
That we get T51,={0¢, 1¢,(Fs,E),(Fs,E),(Fs,E)}-
Proposition 4.2. Let (X,%,%; E) be a soft bitopological space.The family ;. has the following propertie.

(1) Og, 1€ %;.

(2) If (V,E),(K,E)E £, then (V,E)LI(K,E)E ;.

(3) If (Vi,E)E %;, for every kel, then M{(V,,E):kENE ;.

proof. The proof verify directly from the proposition 4.1.
Definition 4.2. A soft set (G,E) in a soft bitopological space (X,7,%; E) is called a soft jj-6-neighborhood (briefly:
ij-6-snbd) of a soft point e;€SP(X) if there exists a soft jj-5-open set (H,E) such that e;€(H,E)=(G,E). The soft ij-
6-neighborhood system of a soft point er , denoted by ij-NT&8( eg), is the family of all of its soft ij-6-
neighborhoods.
Proposition 4.3. Let (X,7,T; E) be soft bitopological space , (U,E)E€SS(X,E).Then (U,E) is soft ij-6-open set if only
if (U,E)E ij-NT&( eg) for every ec€(U,E).

Proof. Let (U,E)E ij-S8O(X,E) and e €(U,E). Thus e€(U,E)=(U,E). And then (U,E)E ij-NT8( ef) for every
er€(U,E).

Conversely Let (U,E)E ij-NT8( ef) for every er€(U,E). there exists a soft ij-6-open set (H,E) such that
er€(H,E)=(U,E). Therefore (U,E)=LI{(H,E):ef€(U,E), (H,E)ETs;}. Then (U,E)€ij-SSO(X,E).
Proposition 4.4. Let (X,7,T; E) be soft bitopological space, (U,E), (G,E)ESS(X,E).Then.

(1) If (G,E)€ ij-NT&( ef), Then e:E(G,E).

(2) If (G,E), (U,E)€ ij-NTé( ef) then (G,E)N(U,E)E ij-NTS( ef).

(3) If (G,E)E ij-NT6( ef), and (G,E)=(U,E) then (U,E)€E ij-NT6( ef).

proof. (1) Obvious .

(2) Pick (G,E), (U,E)E ij-NT8( ef). There exists (Hi,E), (Ho,E)€Eij-S6O(X,E), such that ec€(H,E)=(G,E) and
er€(H2,E)E(U,E). Then ef€(H4,E)M(H,,E)E(G,E)N(U,E). Thus (G,E)M(U,E)€ ij-NT6( ef).

(3) Let (G,E)E ij-NTS8( ef), (G,E)=(U,E). There exists (H,E)E ij-S60(X,E), such that e;€(H,E)=(G,E). Hence
er€(H,E)E(G,E)E(U,E). then (U,E)€E ij-NT6( ef)
Definition 4.3. Let (G,E) be a soft set of soft bitopological space (X,T;%; E).A soft point e is called a soft ij-6-
interior point of (G,E) if there exists a soft ij-6-open set (U,E) such that e;€(U,E)=(G,E). The set of all soft ij-5-
interior points of (G,E) is called the soft jj-6-interior of (G,E) and is denoted by ij—lntf(G,E).
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Remark 4.1. Let (G,E) be a soft set of soft bitopological space (X,T,%; E). A soft ij-6-interior of (G,E) in SS(X,E) is
ij-Int  2(G,E)=Uie{(Hi},E):(Hi, E)E Tsip (HWE)E(G,E)}

Proposition 4.5. Let (X,7,7;, E) be a soft bitopological space and (G,E), (U,E)ESS(X,E). Then the following
statements are true.

(1) ij-Ints‘s(U,E)Ei-lnts(U,E), where i-Int;(U,E) is the soft interior of (U,E) in (X,T,E).

(2) ij-Ints‘s(U,E) is the largest soft ij-6-open set contained in (U,E).

(3) (U,E) is soft ij-6-open set if and only if ij-Intf(U,E)=(U,E).

(4) ij-Int.’(0g)= O and ij-Int,’(1e)= 1¢

(5) ij-Int2(ij-Int,°(U,E))=ij-Int,°(U,E).

(6) If (U,E)E(G,E), then ij-Int,’(U,E)Eij-Int.’(G,E).

(7) ij-Int.’(U E)Uij-Int,%(G,E)Sij-Int,*((U,E)LI(G, E)).

(8) ij-Int.’((U,E)N(G, E))=ij-Int,*(U,E)Mij-Int.’(G,E).

proof. (1) Obvious.

(2) By remark 4.10 aobve ij—lntf(U,E)=I_I{(Hk,E):(Hk,E)§ Tsi, (HWE)E(U,E)}. Thus ij-/ntf(U,E) is a soft ij-6-open
set soft subset of (U,E). Now let (H,E)€ 75; and e:&(H,E) then ef€(H,E)=(U,E). Therefore e is a soft ij-5-interior
point of (U,E). Thus ef&(H,E) Eij—lntf(U,E) which shows that every soft ij-6- open soft subset of (U,E) is
contained in ij—lntSG(U,E). Hence ij—lntf(U,E) is the largest softijj-6-open set contained in (U,E).

(3) Let (U,E) is soft ij-6-open set.Then a soft ij-6-open set containing all of its soft ij-points, it follows that
every soft ij-point of (U,E) is a soft ij-6-interior of (U,E). Thus (U,E)Eij—lnts‘s(U,E). Let eFéij-/ntf(U,E) there exists
(H,E)E Ts; such that e;&(H,E)=(U,E) then ij-Int,’(U,E)=(U,E). Therefore ij-Int,’(U,E)=(U,E).

Conversely, since ij—lntf(U,E)=(U,E), then (U,E)€ Ts. Hence (U,E) is soft ij-6-open set if and only if jj-
Int.(U,E)=(U,E).

(4) 1s obvious.

(5) Sinsce ij—lntf(U,E) is soft ij-6-open set. We have ij-/ntf(ij-/ntf(U,E))=ij—lnt56(U,E).

(6) Let eEij—lntf(U,E) there exists (H,E)€ %5 soft containing e such that (H,E)=(U,E). But (U,E)=(G,E). Then
(H,E)=(G,E). Which implies that e&ij-Int,’(G,E). Thus ij-Int,>(U,E)Cij-Int,°(G,E).

(7) Since (U,E)E(U,E)U(G,E). We have ij—lnts‘S(U,E)Eij-lntsé((U,E)u(G,E)), and (G,E)E(U,E)U(G,E).Then ij-

Int%(G,E)Sij-Int,>((U,E)LI(G,E)). Therefore ij-Int,’(U,E)Uij-Int.>(G,E)Sij-Int.°((U,E)LI(G, E)).
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(8) Since (U,E)N(G,E)=(U,E). Then ij-Int.((U,E)N(G,E))Sij-Int,>(U,E). Also ij-Int,>((U,E)1(G,E))Sij-Int’(G,E). We
get ij-Int.°((U,E)N(G,E))Sij-Int,>(U,E) Nij-Int,*(G,E).

Conversely, by the definition of a soft ij-6-interior, ij—lntf(U,E)E(H,E) and ij—lntf(G,E)E(G,E). Then ij-
lnts‘S(U,E)I‘Iij-lnts‘s(G,E)E(U,E)I‘I(G,E). Since ij—Ints‘s((U,E)I‘I(G,E)) is the biggest soft ij-6-open set that is contained
by (U,E)N(G,E).. Hence ij-Int’(U,E)Nij-Int(G,E)Sij-Int((U,E)N(G,E)). Therefor ij-Int°((U,E)(G,E))=ij-
Int.(U,E)Mij-Int (G, E).

Example 4.2. The soft bitopological space (X,T;,72,E) is the same as in Example 3.1, and Example 4.1 Suppose
that (U,E)={(ex,{h2}),(e2{h2})} and (G,E)={(es,{ha),(er{hs})}. We get 12-Int°(U,E)U12-Int’(G,E)= Of, and 12-
Int’((U,E)U(G,E))={(er,{ha,ha)),(en{hz,hs})}.  One  can  deduce that  12-Int’(U,E)U12-Int (G E)=12-
It ((U,E)LI(G,E)), and 12-Int,’((U,E)UI(G,E))#12-Int.’(U,E) L 12-Int,’(G,E).

Definition 4.4. Let (X,7,T;, E) be a soft topological space and er€SP(X) is said to be a soft jj-6-cluster point of
(F,E)ESS(X,E) if for every a soft ij-regular open (U,E) soft containing of e we have (F,E)M(U,E)# Og. The set of all
soft jj-&-cluster points of (G,E) is called the soft ij-6-closure denoted by ij-C/f(G,E).

Remark 4.2. Let (F,E) be a soft set of soft bitopological space (X,7;T;, E). A soft jj-6-closure of (G,E) in SS(X,E) is
ij-CI°(FE)=Miel (Vi E): (Vi E)E ;. (F,E)E(Vi E)}.

Proposition 4.6. Let (X,T,T; E) be a soft bitopological space over X and (V,E), (F,E)ESS(X,E). Then.

(1) ij-CI°(V,E)€ij-SEC(X,E)

(2) (V,E)Sij-CI°(V,E).

(3) (V,E) is a soft ij-6-closed set if and only if ij—Cls‘S(V,E)=(V,E).

(4) ij-C1°(0g)= 0g and ij-Cl,°(1¢)=1¢.

(5) i-C/s(V,E)Eij—C/f(V,E).where i-Cl(V,E) is the soft i-closure of (V,E) in (X,T;E)

(6) ij-CI, (ij-CI, (F,E))=ij-CI, (F,E).

(7) (V,E)=(F,E) implies ij-Cl,°(V,E)Zij-CL.5(F,E).

(8) ij-CI°(V,E)Uij-CI(F,E)=ij-CI((V,E) LI(F,E)).

(9) ij-CI2((F,E)N(V,E))Sij-Cl°(F,E)Mij-CIS (V,E).

proof. (1) and (2) Obvious.

(3) .Let (V,E)€ij-S6C(X,E), and There exists e€(U,E)€Eij-SRO(X,E). If e:€(V,E) then (V,E)M(U,E)# 0c. Therefore
e€ij-CL2(V,E). So (V,E)Sij-CL2(V,E). If er&(V,E). Then (V,E)N(U,E)= O Therefore eq&ij-Cl°(V,E). So ij-
Cl8(V,E)=(V,E). Thus if (V,E) be a soft ij-6-closed set then jj-CL.2(V,E)=(V,E).
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Conversely, suppose that ij—C/s‘s(V,E)=(V,E). Then (V,E)€Eij-S6C(X,E). Thus (V,E) is a soft ij-6-closed set if and

only if ij-CI.°(V,E) =(V,E).

(4), (5) and (6) are obvious.

(7) Pick eF'éij-Cls‘s(V,E) and (V,E)E(F,E). Then There exists a soft ij-regular open set (U,E) soft containing of e

we have (V,E)M(U,E)# 0. Therefore (F,E)(U,E)# Og. Then e&ij-CI°(V,E). Thus ij-Cl,>(V,E)Zij-CL°(F,E).

(8) Since (F,E)S(F,E)U(V,E) and(V,E)S(F,E)L(V,E). So by part (7),i-CL°(F,E)Sij-CI°((F,E)L(V,E)) and ij-

CI2(V,E)Eij-CL2((F,E)U(V,E)). Thus ij-CI°(F,E)Lij-CI>(V,E)Zij-CI2((FE)LI(V,E)).

Conversely, suppose that (F,E)Sij-CIL>(F,E) and (V,E)Sij-CI>(V,E). So (F,E)U(V,E)Sij-Cl°(F,E)Uij-CI(V,E). if-

CIS‘S(F,E)Llij-Cls‘s(V,E) is a soft ij-6-closed set over X being the union of two soft &-closed sets. Then ij-

CI((F,E)LI(V, E))Zij-CI°(F E)LIij-CI(V, E). Thus ij-CL°((F,E)LI(V, E))=ij-CI, (F E)Lij-Cl (V,E).

(9) Since (F,E)N(V,E)=(F,E) and (F,E)N(V,E)S(V,E). So by part (8) ij-CI°((F,E)N(V,E))Sij-CI°(F,E) and ij-

CI2((F,E)N(V,E))Zij-Cl°(V,E). Thus ij-CI((F,E)M(V,E))Zij-Cl,°(F,E)Mij-CL (V. E).
The following example shows that the equalities do not hold in Proposition 4.6(9)

Example 4.3. Refer Example 4.2. Suppose (H,E)=(USE) and (M,E)=(GE). We

get 12-

C15((H,E)N(M,E))={(er,{hs,ha}),(er{hr,ha})}, and  12-CL°(H,E)M12-CI°(M,E)=1e. So 12-CL°((H,E)(M,E))E12-

Cl°(H,E)N12-Cl°(M,E). Therefore 12-Cl.°(H,E)M12-CL°(M,E)#12-CI°((H,E)(M,E)).
Proposition 4.7. Let(X,T,T; E) be a soft bitopological space, and (G,E)ESS(X,E). Then.
(1) (ij-Int,*(G,E)) =ij-CI. (G"E).
(2) (ij-CI (G, E)) =ij-Int.(G"E).
(3) ij-Int*(G,E)=(ij-CI.°(G",E))".

Proof. (1) (ij-Int,’(G,E))*=(Led (Ui E):(ULE)E 5, (Ui E)E(G,E)}=

Mie{(USE):(UiSE)E %, (Ui",E)2(G,E)}. Imply that |_|ke|{(UkC,E)i(UkC,E)Ef'Caip(GC,E)E(UkC,E)}=ij'C|s5(GC,E)

(2) (ij-C1°(G,E)) =(Mierd (i E):(Fi, E)E T6i,(G,E)E(FWE)))°
=Ue{(FE):(FSE)E T, (GSE)2(F,E)}, Thus Uked(FE):(FiSE)E f'aij,(ch,E)E(GC,E)}=U'/"1'56(GC,E)-

(3) Obvious

5. SOFT ij-6-DERIVED SET, SOFT ij-6-BORDER SET, SOFT ij-6-FRONTIER SET AND SOFT ij-6-EXTERIOR SET.
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Definition 5.1. Let (G,E) be a soft set of a soft bitopological space (X,T,%; E). A soft point e;€SP(X) is called
softij-&-limit point of (G,E) if for each soft ij-6-open set (U,E) containing e, (U,E)M[(G,E)\{eF})]#0e. The set of all
soft ij-6-limit points of (G,E) is called the soft jj-6-derived set of (G,E) and is denoted by ij—Df(G,E).

Theorem 5.1. For soft subsets (G,E) and (U,E) of a soft bitopological space (X,T,%; E), the following are
satisfied.

(1) i-Dy(G,E)E ij-D,°(G,E) where i-Dy(G,E) is the derived set of (G,E) in (X,%,E).

(2) (G,E)E(U,E) implies ij-D,’(G,E)=ij-D,°(U,E).

(3) ij-D°(G,E)Lij-D, (U, E)=ij-D.’((G,E)LI(U,E)) and j-D,’((G,E)M1(U,E))Eij-Ds (G, E)Mij-D,°(U, E).

(4) [i7-D(ij-Ds" (G, EDN(G E)Eif-DS(G E).

(5) ij-D°((G,E)Lij-D,’(G,E))=(G, E) LIij-D,*(G,E).

Proof. (1) Obvious, since every ij-6-open set is open.

(2) Obvious.

(3) Since (G,E)=(G,E)U(U,E) and (U,E)=(G,E)LI(U,E), then ij-D,’(G,E)=ij-D,’((G,E)L(U,E)) andij-D, (U E)Sij-
D,’((G,E)L(U,E)). Therefore ij-D,°(G,E)Lij-D,°(U,E)Zij-D°((G,E)L(U,E)). Now, let e&ij-D.°(G,E)Lij-D,°(U,E). Then
epéij-Dsé(G,E) and eFéij-DSG(U,E). Then there exist an ij-6-open set (U,E) containing er and an ij-6-open set (V,E)
containing er such that (U,E)N((G,E)\{er})=0gand (V,E)M((U,E)\{eF})=0¢. Then
(UE)N(VE)N(((G,E)LU(UE)\{e})=0e. Then er&ij-D’((GE)U(U,E) and therefore ij-D((G,E)U(U,E))Eij-
D.(GE)Uij-DS(ULE). By (2) ij-D((G,E)M(U,E)Ei-DS(G,E) and ij-D°((G,E)N(U,E))=ij-D,°(U,E). Therefore, ij-
D.’((G,E)N(U,E))=ij-D,°(G,E)Mij-D,’(U,E).

(4) Let eFé[ij-Df(ij-Df(G,E))\(G,E)] and (U,E) be an jj-6-open set containing e;. Then (U,E)M(ijj-
D.*(G,E)\{er})#0¢. Let e &(U,E)N(ij-D, (G,E)\{es}). Then, since e,Eij-D,(G,E) and e,E(U,E), (U,E)N[(G,E)\{e,]#0¢
Let ey€(U,E)M1[(G,E)\{ev}}]. Then ey# e; for e4€(G,E) and er&(G,E). Hence (U,E)M[(G,E)\{er}]#0¢. Therefore e(Eij-
D.’(G,E).

(5) Let e:€ij-D°((G,E)Lij-DS (G, E)). If e-&(G,E), the result is obvious. So, let e;&[ij-D.’((G,E)Lij-D;°(G,E))\(G,E)] .
Then for an ij-6-open set (U,E) containing e, (U,E)I‘I[(G,E)uij—Dsé(G,E)\{eF}];tOE. Thus (U,E)N((G,E)\{es})#0¢. or
(U,E)FI(U-Df(G,E)\{eF})#OE. It follows from (4) that (U,E)N((G,E)\{e})#0c. Hence e{éij—Df(G,E). Therefore, in any
case, ij-D((G,E)Uij-D,°(G,E))=(G,E)Uij-D,°(G,E). O

In general, the reverse inclusions in (1) and (3) above may not be true as shown by the following examples:
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Example 5.1. The soft bitopological space (X,t;,T2,E) is the same as in Example 4.1 Suppose that
(G,E)={(er{hrhs,ha}),(e2{hs,hs,ha})}. We can see that 12-DS(G,E)={(er{hshsha}),(e2{hshsha))}, 1-
D4(G,E)={(e1,{ha}),(e2,{ha})}. Then 1—DS(G,E)212—D56(G,E), But the reverse is not true.

Example 5.2. The soft bitopological space (X,11,T2,E) is the same as in Example 4.1 Suppose that and let
(G,E)={(e1,{h,h3}),(e2,{h+,h3})}, (U,E)={(ew{h2,h3}),(e2,{h2,h3})}. Then (G,E)M(U,E)={(e{hs}),(e2{hs})}. Now 12-
D(G,E)={(e1,{h2,hs,ha}),(e2,{h2,hs3,ha})}, 12-D.°(U,E)={(e1,{h1,hs,ha}),(e2,{hs,hs,ha})},and 12-D.°((G,E)N(U,E))=0¢, 12-
DL(G,E)N12-D,°(U,E)={(ex,{hs,ha}),(e2,{,hs,ha})}. Then 12-D((G,E)N(U,E))E12-D(G,E)N12--D’(U,E). But the
reverse is not true.

Theorem 5.2. Let (X,T,T; E)be a soft bitopological space and (G,E)ESS(X,E),ij-CIf(G,E)=(G,E)uij—Df(G,E).

Proof. Since ij-D(G,E)Zij-Cl°(G,E),(G,E) Lij-D(G,E)Sij-CI.°(G,E). On the other hand let e:€ij-Cl°(G,E). If
er€(G,E), then the proof is complete. If eFéV(G,E), each ij-6-open set (U,E) containing e intersects (G,E) at a
soft point distinct from e, so eFﬁij-Df(G,E). Thus ij-C/f(G,E)E(G,E)uij—Df(G,E), which completes the proof.
Corollary 5.1. A soft set (G,E) of a soft bitopological space (X,7,%; E)is ij-6-closed if and only if it contains all of
its ij-6-limit points.

Definition 5.2. Let (X,7;,7;, E) be a soft bitopological space and (U,E) be a soft set over X. The soft ij-6-border of
soft set (U,E) over X is denoted by ij—Bf(U,E), is defined by ij—Bsé(U,E)=(U,E)\ij—/nt55(U,E).
Theorem 5.3. Let (X,T,T; E) be a soft topological space, (U,E)ESS(X,E). Then the following statements are true.

(1) i-B,(U,E)Zij-B.°(U,E), where i-Bs(U,E)=(U,E)\i-Int(U,E).

(2) (U,E)=ij-Int>(U,E)Lij-B,>(U,E).

(3) ij-Int,°(U,E)Mij-B,°(U,E)=0.

(4) (U,E) is an ij-6-open set if and only if ij—Bsé(U,E)=OE.

(5) ij-B(ij-Int.°(U,E))=0.

(6) ij-Int*(ij-B,°(U,E))=0¢.

(7) ij-BS(ij-B (U, E))=ij-B (U, E).

(8) ij-B,"(U,E)=(U,E)Mij-CL°(1e)\(U, E)).

(9) ij-B,°(U,E)=ij-DS’(1e) (U ).

Proof. (1) Since ij-Int,’(U,E)Ci-Int,(U,E), Then i-Bs(U,E)=(U,E)\i-Int,(U,E)=(U,E)\ij-Int,>(U,E)=ij-8,>(U,E).

(2) and (3). Straightforward.

(4) Let (U,E) is soft ij-6-open. This means that (U,E)=ij-Int,>(U,E), Leads to thatij-B,>(U,E)=(U,E)\ij-Int,°(U,E)=0.
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Conversely, obvious

(5) Since ij-/ntf(U,E) is soft jj-6-open, it follows from (4) that ij—Bf(ij—lntf(U,E))=OE.

(6) Let e&ij-Int.’(ij-B(U,E)). Then eq&ij-B,°(U,E). On the other hand since ij-B.°(U,E) T (U,E), e:€ij-Int,(ij-
BS‘S(U,E))Eij-Ints‘S(U,E). Hence e{éij—Bf(U,E)I'Iij—lntf(U,E) which contradicts (3). Therefore ij—Intf(U—Bf(U,E))=OE.

(8) §j-B°(U, E)=(U, ENNj-Int, (U E)=(U,E)\((2e)\ij-Cls ((Le)\(U,E)))=(U,E) M1 (ij-CI,((1e)\(U,E))).

(9) ij-B;°(U,E)=(U,E)\ij-Int,*(U,E)=(U, E)((U,E)NG-D ((2e)\(U,E)))=ij-D (1) \(U,E)).

Definition 5.3. Let (G,E) be a soft set of soft bitopological space (X,T,%; E), the soft ij-6-frontier of (G,E),
denoted by ij-Frsé(G,E) is defined by
ij-Frs(G,E)=ij-Cl°(G, E)Nij-Int,*(G,E).
Theorem 5.4.Let (X,7;T; E) be a soft bitopological space and (G,E) ESS(X,E), the following are satisfied:

(1) i-Fr(G,E) Eij-Frs"(G,E) where i-Fry(G,E)=i-Cl(G,E)\i-Int,(G,E).

(2) ij-CI°(G,E)=ij-Int.’(G,E)Llij-Frs>(G,E).

(3) ij-Int,%(G,E)Mij-Fr’(G,E)=0.

(4) ij-BL(G,E)CSij-Frs(G,E).

(5) ij-Frs"(G,E)=ij-Bs"(G, E) Lij-D;’(G,E).

(6) (G,E) is ij-6-open if and only if ij-Frsé(G,E)=ij-D56(G,E).

(7) ij-Frs’(G,E)=ij-C1,2(G,E) Mij-Cl.°(1:\(G,E)).

(8) ij-Frs"(G,E)=ij-Frs’(1e\(G,E)).

(9) ij—Frsé(G,E) is ij-6-closed.

(10) ij-Frs (ij-Frs(G,E)) Sij-Frs’(G,E).

Proof. (1) e:€i-Fri(GE) =e&i-Cl(GE) and er&i-Int,(G,E) =e:€ij-Cl°(G,E) and erij-Int (GE) =eij-
C12(G,E)Nij-Int’(G,E)=ij-Frs (G, E).

(2) ij-Int.’(G,E)Uij-Frs(G,E)=ij-Int,%(G,E) L(ij-CI.(G, E)-ij-Int,%(G,E)=ij-CI.°(G,E).

(3) ij-Int.%(G,E)Mij-Fr’(G, E)=ij-Int,>(G,E) M(ij-C.°(G,E)\ij-Int, (G, E) )=0¢.

(4) ij-Bd,>(G,E)=(G E)\ij-Int,*(G,E)Zij-CI.>(G,E)\ij-Int,*(G,E)=ij-Frs (G, E).

(5) ij-Frs(G,E)=ij-Cl>(G,E)\ij-Int,*(G,E)=(G, E) Lij-D,>(G,E)\ij-Int, (G, E)=ij-D.’(G,E) (G, E)\ij-Int. (G, E)=ij-
D.%(G,E)Lij-BS*(G,E).

(6) ij-Frs’(G,E)=ij-Cl.*(G,ENij-Int,>(G, E)=ij-CI,>(G, E) (1e\ij-Int.’(G,E)=ij-CI,>(G, E) Mij-Cl,° (1e\(G, E)).
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(7) ij-CI2(ij-Frs’(G, E))=ij-Cl (ij-Cl (G, E) Mij-Cl (1\(G, E)) Eij-Cl, (ij-Cl (G, E))Mij-Cl (ij-Cl (16\(G, E))=ij-
C1.°(G,E)Mij-Cl°(1:\(G, E))=ij-Frs’(G,E). Therefore ij-Frs’(G,E) isij-6-closed.

(8) ij-Frs>(ij-Frs’(G,E))=ij-Cl (ij-Frs’(G, E)) Mij-Cl* (1e\ij-Frs (G, E)) Eij-Cl, (ij-Frs (G, E))=ij-Frs>(G,E).

(9) From (7)

(10) ij-Frs(ij-Cl (G, E))=ij-CI.2(ij-CI2(G, ENij-Int,(ij-CI(G, E))=ij-CI,* (G, E)Nij-Int, (if-CL. (G, E)) Eij-CI, (G, E)\ij-
Int.’(G,E)=ij-Frs’(G,E)..
The converses of Theorem 5.4(1 and 4) above are not true, in general, as shown by the following examples:
Example 5.3. The soft bitopological space (X,1;,7;,E) is the same as in Example 4.1 and
(G,E)={(e1,{h2,h3,ha}),(€2,{h2,h3,ha})}. Then 1-Cly(G,E)={(e1,{h2,h3,ha}),(e2,{h2,h3,ha})}, 1-
Int(G,E)={(e1,{hz,hs}),(e2,{h2,h3})}. Then 1-Fr(G,E) ={(e,{,ha}),(e2,{hs})}. Now, 12-CI$6(G,E)=1E, 12—Int$6(G,E)=0F_.
Then 12-Fr55(G,E)=15. Then 1-FrS(G,E)Elz-Fr55(G,E).But the reverse is not true.
Example 5.4. By Example 5.3. Now
12-BS(G,E)=(G,E)\12-Int,*(G,E)=(G,E)\Oe={(e1,{h;,h3,ha}), (€2, {h2,hs,ha))}. Then 12-BL(G,E)E12-Fr(GE).But the
reverse is not true.
Remark 5.2. Let (X,7,%; E)be a soft bitopological space and (G,E), (U,E)ESS(X,E).Then (G,E)=(U,E) does not
imply that either ij—Frsé(G,E)Eij-Frsé(U,E) or ij-Frsé(U,E)Eij-Frsa(G,E).
Definition 5.4. Let (X,7;,T; E) be a soft bitopological space and (F,E)ESS(X,E). The jj-5-exterior of (F,E) is the soft
set. /'/'-Ext56(F,E)=ij-lnt56( F°E) is said to be a soft ij-5-exterior of (F,E).
Theorem 5.5. Let (X,T,7;, E) be a soft bitopological space and (F,E), (G,E)ESS(X,E). Then the following
statements hold.

(1) ij-Ext56(F,E)Ei-Exts(F,E) where i-Exty(F,E)=i-Int,(F",E).

(2) ij—Extsé(F,E) is soft ij-6-open set.

(3) ij-Exts’(F,E)=1¢\ij-CI, (F,E).

(4) ij-Exts(ij-Exts (F,E))=ij-Int.*(ij-CI.°(F,E)).

(5) If (F,E)=(G,E), then jj-Exts’(F,E)2ij-Ext’(G,E).

(6) ij-Exts((F,E)LI(G,E))=ij-Exts’(F,E) Mij-Exts’(G,E).

(7) ij-Exts’(F,E)Nij-Exts’(G,E)Sij-Exts ((F,E) (G, E)).

(8) ij-Exts’(16)=0¢, and ij-Exts’(0g)=1¢.

(9) ij-Ext s ((ij-Exts (F,E))Mch)=ij-Exts (F,E).
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(10) ij-Exts (F,E)Llij-Exts’(G,E)Sij-Exts’((F,E) (G, E)).

(11) ij-Int,’(F,E)Sij-Exts’(ij-Exts (F,E)).

(12) ij-Frs (F,E)Lij-Int,>(F,E)Uij-Exts’(F,E)=1¢

Proof. (1) ij-Exts (F,E)=ij-Int,>(F,E)Si-Int,(F",E)=i-Ext,(F,E)

(2) Since ij-Ints‘s( F%,E) is soft ij-5-open set Then ij—Extsé(F,E) is soft jj-6-open set

(3) Obvious

(4) ij-Exts’(ij-Exts’(F,E))=ij-Int (ij-Ext  (FS,E))=ij-Int,(ij-Int (FS, E)) =ij-Int ((ij-Cl (F,E))) =ij-Int > (ij-Cl (FE)).

(5) If (F,E)=(G,E)then (FS,E)2(G,E) and ij-Int,>(F",E)Zij-Int,(G",E). Thus ij-Exts’(F,E)Zij-Exts’(G,E)

(6) ij-Exts’((F,E)U(G,E))=ij-Int. ((F,E)LI(G,E)))=ij-Int,*((F,E)M(GS,E))=ij-Int,°(F,E)Mij-Int,> (G, E)=ij-Exts’(F,E) Mij-
Exts’(G,E)

(7) ij-Exts(F,E)Mij-Exts’(G, E)=ij-Int,’(F,E)Mij-Int,> (G, E)Sij-Int,°((F°,E) (G, E))=ij-Int,*((F,E)LI(G, E)) “=ij-
Exts((F,E)U(G,E))Sij-Exts ((F,E)M(G,E))

(8) ij-Exts’(1e)=ij-Int. (1) =ij-Int,°(0)=0¢ and ij-Exts’(0)=ij-Int,’(0g) =ij-Int. (1e)=1¢

(9) ij-Exts (ij-Exts (F,E)) =ij-Exts(ij-Int (FS,E)) =ij-Int,((ij-Int (FS,E))°) =ij-Int, (ij-Int *(F E))=ij-Int,>(F,E)=ij-
Exts’(F,E).

(10)  ij-Exts’(F,E)Uij-Ext(G,E)=ij-Int,>(F,E)Uij-Int,> (G, E)Cij-Int,>((FS,E)LI(GS,E))=ij-Int.’((F,E)N(G,E))Y)  =ij-
Ext((F,E)N(G,E)).

(11) ij-Int,>(F,E)Sij-Int (ij-CL.2 (F E))=ij-Int, > (ij-Int,>(F,E))“=ij-Int,’(ij-Ext s (F,E)) =ij-Exts (ij-Exts (F,E)).

(12) ij-Fr(F,E)Uij-Int,’(F,E) Lij-Exts (F,E)=ij-CI°(F,E) L (1e\ij-CI,°(F,E))=1¢

O
The following example shows that the equalities do not hold in Theorem 5.8 (7),(10) and (11)
Example 5.5. By Example 4.2 (7), we heve 12-Int56(U°,E)I‘I12-Int56(G°,E)={(e1,{h1,h2,h4}),(e1,{h1,h2,h4})} and 12-
Int((USE)N(GSE))=1.. We  obtain  12-Ext(U,E)N12-Exts(G,E)C12-Ext((U,E)N(G,E), and  12-
Ext((U,E)N(G,E))#12-Exts (U E)N12-Ext (G,E). Similarly, we find that (10) 12-Int,’(USE)LU12-Int,>(GEE)=0.
Than 12-Ext(U,E)U12-Exts’(G,E)=12-Exts’((U,E)M(G,E)), but 12-Ext’(U,E)L12-Exts (G,E)#12)-
Ext((UE)N(G,E)). In Example 4.2 (11), we have 12-Int’(U,E)=0g, and 12-Ext’(12-Exts’(U,E))=12-Ext’(12-

Int,2(US E))=12-Exts’(0g)=1c. Than 12-Int,>(U,E)=12-Exts (12-Exts (U,E)).
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