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Abstract: This paper discusses the modeling and vibration Analyses of a rotor having multiple disk supported
by a continuous shaft for the first three modes. Normal modes of constrained structures method is used to
develop the equations. First three modes of the beam-disk system are considered.

1. Introduction

Vibration is progressively turned to be a problem sincethe machine velocities have increased. Vibration
analysis possibly will be commenced as a separate process, otherwise may perhaps be portion of a machine
section inspection or full machine analysis [1]. The component of the rotor systems include, disk, blades and
shaft which have been comprehensively executed in the industry. Unbalanced masses are the core sources of the
vibration in rotating machinery. The impact of unbalance onrotating shafts, that is the core basis of centrifugal
forces in these systems has been realized. These forces result in enormous rotation amplitudes as soon as the
shaft is rotated at its ordinary frequency, which is alsoreferred to as critical speed.

The following work product will attempt to provide a brief literature review about the Saudi Electricity
company, some definitions for the key words in this review, vibration analysis, Jeffcott Rotor Model, A Three-
Disc Torsional Rotor System, A Jeffcott Rotor Model with an Offset Disc and will address other topics of
concern.

Formulation

To illustrate the studied system a equations will be formulated by two approaches the first one is formulate and
determine the general equation and first three modes of the continues shaft without masses , the second
approaches that will be taken is to formulate and determine general equation and first three modes of the
continues shaft combined with the masses .

This chapter describes the mathematical formulation to study the concerned system .

4, ‘,

X2 X1

Figure (2.1)
First Approaches
To determine the natural frequencies of vibration for the concerned continuous shaft as shown in Figure (2.1 ),
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identification of the boundary condition and support type at points A ,band C . point A is simply supported
therefor the slope and moment is zero as illustrated in equation (1) and ( 2 ) . Point B is clamped free end
where the moment and slope is also zero and the slope and moment of beam (1) ( A-B') equal the slope of beam
(2) ( B,C) as shown in equation ( 3,4 ,5,and 6 ). On the other hand point C moment and sheer force for beam (2)

(B,C)iszero, when ly is zero at equation (7,8)

y,(0)=0 y.(4,)=0 y,(0)=0 y,(4)=0 (1)
y{(0)=0 yi (£)=0 y, (0)=0 y. (£,)=0 2)
Additional Boundary conditions at B ( Continuity conditions )

Y, (0)=-yi(4;) 3)
y; (0)=y, (%) (4)

in our study we divided the beam for two parts (1 and 2 ) virtually only to ease the study and understanding so
the mode equation for the beam can be determined , for beam #1 Mode equation is shown below

y,(x;)=A, cosh Bx, +B,sinh fx,+C_cos ffx, +D,sin px, )

y1(0)=0=A,+C,=0 (6)
y, (x,)=p [A1 cosh Bx, +B, sinh #x,—C cos Bx, —D, sin ,Bxl] (7)
yl"(o) =A _Cl =0 (8)

(7) and (8) givesA, =0 C,=0

After satisfying the boundary condition as we had , we found that mode equation for beam #1 is

y;(x,)=B,sinh fx, +D,sin Bx, (9)

and for beam #2 Mode equation is :

. . 10
y,(x,)=A,cosh fix, +B,sinh fx,+C, cos fx, + D, sin fx, (10)
(11)
y,(0)=A,+C,=0
(12)
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yzﬂ(o):ﬁz[Az _CZ]:O
(11) and (12) gives A,=0 C,=0

y,(x,)=B,sinh gx, +D,sin fx, (13)

to get the values of B1, B2 , D1 and D2
previously . as bellow

y1(0)=-y!(%,) (14

B(B, cosh ix , + D, cos B, )|, , == (B, cosh Bx, + D, sin fx,)
B, +D, =—(B,cosh 8¢, +D,sin B,)

, we needed to satisfy the additional boundary condition that we set

X1=f, (15)

(16 )
then we satisfied the second boundary condition
yzﬂ(o):_ylﬂ (61) (17 )
% (B,sinh Bx, —D,sin Bx, )|, _, == (B,sinh gx, —D,sin x, )|, _,. (18 )
0=—(B,sinh ¢, —D,sin g¢,)
for beam #1
y.(¢,)=B,sinh B¢, +D,sin B¢, =0 (19)
y, (£,)=B,sinh B¢, —D,sin B¢, =0 (20)
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from equation ( 20 ) we obtained the next matrix .
sinh g¢,  sin g/,
sinh gl, —sin gt

(21)

If ( 2sinh g2, sin B¢, ) was equaling zero , Then (sinh 4/, ) can not be zero
so (sin g¢,equal zero)

. . (22)
Then (p¢,;)=ir for i=1,...n

mode functions for the beam #1 will be

yli(xl):B[sin(m‘l)i% (23)
2

Natural frequency of beam 1 can be calculated from

El

(24)
eAL,*

Wiy = (ﬂfl)zi

wheres e is the denisity ( kg / m®)
and A is the shaft cros-section area ( m®)
£, is the shaft length (M)

and E stand for Elasticity modulus ( N/m?)

I can be discribed as momen of inrtia (m*)
and finaly g/, represent the mode of vibartion

The deflection of the router can

From the previous equations we conclude the deflection equations for beam 1 and beam 2

And to determine the slope equations and satisfy the boundaries we should derive it as shown in the following

equations ( 25 ) ( 26 )
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y,(x,)=B,sinh gx, +D,sin Bx, (25)
y,(x,)=B,sinh gx, +D,sin fx, (26)
y, (X,)= (B, cosh S, +D, cos x, ) (27 )
y;(x,)=p%(B,sinh Bx, —D,sin Bx,) (28)
Y, (x,)=(B,cosh x,+D,cos Sx,) (29)

After compensation in boundary condition in the first equation ( 27)

Y (£)=-y2(0)

(29)
B(B,cosh B¢, + D, cos B, )=—p(B,+D,)
Then we also satisfy the boundary condition in the second equation ( 28 )
y!(£,)=-y;(0)
B%(B,sinh B¢, —D,sin B¢, )=-p2(0-0)=0 (130)
B,cosh ¢, +D,cos B¢, +B,+D, =0 (31)
B,sinh g¢, —D,sin g¢, =0 (32)
vilt:)=0 (33)
B,sinh pg¢,—D,sin g¢, =0
yé”(gz) — O
B, cosh g¢,—D,cos 8¢, =0 (34)

To determine the beam of vibration we have to solve the previous equations in the next matrix
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cosh g, cos B¢, 1 1 B,| [0
sinh g0, —sin gt 0 0 | Dy| |0 (35)
0 0 sinhpe, —sinpr, | |B,| |0
0 0 cosh g/, —cosp/, D, 0
cosh B¢, cospl, 1 1
i ¢, —sin B¢
sinh g¢, —sin gt | 0 | -O o (36)
0 0 sinhg¢, —sinpl,
0 0 cosh g¢, —cosp/,
open the first determinant of the matrix should be zero
—sin g/, 0 0
coshpl,| O sinh g¢, —sin g, (37)
0 cosh g¢, —cosp/,
open the second determinant of the matrix should be zero
cos ¢, 1 1
—sinh g, 0 sinhpr, —sinpl,|=0 (38)
0 cosh g¢, —cosp/,
sinh g¢, —sin gt
cosh B¢, (—sin B¢, Ala Aty (139)
cosh g¢, —cosp/,
sinh g¢, —sin gt
—sinh B¢, cos ¢, pla Pl _ (40)
cosh g¢, —cosp/t,
characteristic equation
—(cosh B¢, sin p¢, +sinh B¢, cos ¢, )(—sinh B¢, cos ¢, +cosh B¢, sin B¢,) =0 (41)
If ¢, =0,=1¢
(cosh Besin ¢ —(sinh Becos gr): =0 (142)
Or
tan®p¢ —tanh?¢ =0 (43)
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if ¢, =0 zzzg

(cosh B¢sin B¢ +sinh B¢ cos B¢)(cosh ﬂgsin ﬂg—sinh ﬂgcosﬂg) =0 (144)
First three moods are :
(BY), =3.9266
(BL), =7.0686
~(B0),=10,2102
y.(x,)=B,sinh fx, +D,sin fx, (45)
y,(x,)=B,sinh fx, +D,sin Bx, (46 )
y2(¢,)=0=p(B,sinh B¢, —D,sin B¢,) =0 (147)
sinh g/
2" siné 2 (48)
2
y,(x,)=B {smhﬁx Sslrnh;;i sm,sz} (49)
. X, sinh(pl,), . X X
Yo (X,)= 82{smh(ﬂéz)i£—§+Wsm(ﬁfz)if—ﬂ 0<7§<1 (50 )

The dynamic equation of the motion is gained through methods of motion mode ,and deflection of the beam
can be written as

mode summation assumption

Yy (X3,t) ZCDL )0y (t (51)

Xz’t Z(I)Zz th (52)

Wheres ®(x ) is the mode function and q(t)is generalised coordinate

Function of beam mode can be expressed as
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@li(x):Dlsin(/)’(z‘l)i% o<Xic1 (53)

2
1 (1

. L X sinh(p/¢.,). . X X
D, (x)=B.,|sinh(p¢,)) —2+— > 27igin(pBr,) —=% O<—=2<1 (54)
21( ) 2|: (,8 2)1 ﬁ2 Sin(/}(/z)’ (ﬂ 2)1 (/2:| Y

€5

Continues shaft and disk model

m, m2

Figure (2.2) Continues shaft and disk model

Three disks with masses m1, m2 and m3 are added to the continuous shaft location al, a2 and L2.
Whereas al is defined as the distance between bearing (1) and m1 , while a2 is the distance between bearing
(2) and m2, leading intuitively that L1 is the distance between bearing (1) and bearing (2), finally L2 is
the distance between bearing ( 2 ) and m3
Second Approaches

The second approaches that will be taken is to formulate and determine general equation and first three modes
of the continues shaft combined with the masses .

This approaches lead us to a knowledge about the results after combining it with the masses , which will be
studied in details in chapter ( ), furthermore the difference between the frequencies and its effect on the
mode after adding the masses will also be studied

If we decided to consider viscous damper and the beam , then equation of motion is going to be
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G, + 2§a)q‘ +w/4q,

Uf (x,t)®,, (x )dx +If (x,t) @, (x )dXJ
:W[f If (a,,t) 2 )+, (42 )(sz((fzﬂ

:Mi[‘mlyl(awt)d%f () =M, ¥, (8,1 @y (8, ) =Me¥, (£,,) D, (£,)]

ii

Generalized mass can be expressed as

M, = _[(;1 m (x,)° @, (x )dx m(X,) is the mass of the shaft per unit length

= Zq, (t)q)l,' (x)= q, (t)(Dll (x)+ d, (t)q)lz (x)+ d, (t)q)lza (x)

=1

(55)
(56 )

(57)

(58 )

(59 )

(60 )

Sl

M [ "'q.zq)u( )"‘qs 13(a1))] ( )

(a0
mz[(% 1(3,) + 0, P (3,) + 6Py ( ](Dlz
[(q1 2 (£2) +6,0 (¢,) + 6@ )](th

The generalized equation of motion for the first mode
i=1
d; +2¢wd; + a)lqu

- ﬁ[_ml (q‘lq)ll (al)q)ll (ai) +, Py, (ai)q)ll (ai) +0;3Py (al)(Dll (ai))

—m, (q.lq)ll (az ) D, (az ) +0,0y, (az ) D, (az ) +;D,5 (az )q)n (az ))
—Mmy (q'1q)21 (€5) @0 (£5) 4GP0 (£5) Doy (£5) +GsP o5 (£, ) Py (£, ))]
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. 1
ql [l+ ml(bll (ai)(bll (al)+ mll(Dll (aZ)(Dll (a2)+ M Bq)21<62)q)21((2):| M

11

1 (65)

+q.2 [mlCDIZ (ai)q)ll (a1)+ m12q312 (aZ)CDIl (a2)+ M 3q)22 ((2>q)21<//2 ):'

<

+0; [mlq)m (ai)(Dll (al) +My Dy (az)q)n (az)+ M,®,, (/72)(1)21({?'2)] M
1

+2¢w(, + g, =0

The generalized equation of motion for the second mode
=2

4, +2¢w,0d, + a)1ZQZ

B IVIl |:_m1 (qllq)ll (ai)q)lz (ai) +0,0,, (ai)q)lz (ai) +q; Py (ai)q)lz (ai))

—-m, (q.1®11 (3,) @, (8,) +G,@, (8, ) Dy, (8, ) +G:D15 (3,) Dy, (2, ))
—M; (q.lq)Zl (52 )(Dzz (fz ) +4,D,, (52 )(Dzz (fz ) +0;D (gz)(bzz (52 )):I

(66 )

(67 )

. 1
' I:mlq)ll (a1)q)12 (a1) +my,®y, (az )CDIZ (az)+ Mm@y, (fz )(Dzz (éz ):' M (68)
2

. 1
4, [1+ m,®,, (al)(DlZ (a1)+ PRSP (aZ)(DlZ (az)+ m,@,, (€2 )(Dzz (gz )] M
22
1

MZZ

+q“3 I:mlq)l?: (ai)(DlZ (al)+ m23(D13 (a2 )q)lZ (a2)+ M SCDZS (£2 )CDZZ (KZ )]

+2¢w,0, + @,°q, =0

The generalized equation of motion for the third mode

i=3

q‘ll:mlq)ll (ai)q)13 (a1)+ m3l®11 (az)q)m (az)"' m3®21 (gz)q)zs (£2)]W (69)
33

. 1
+d, [mlq)lz (al)q)13 (a1) + mszq)lz (az )q)13 (az ) + maq)zz (gz)q)zs (Ez):IM_

33

1

+q’3 [1"' m1(D13 (ai)q)ls (ai) + m33®13 (a‘Z)CDB (az ) +M 3(D23 (fz)q)zs (fz )]M_%

+20w 0, + a)32q3 =0

Now we can express the equations of motion for first three modes of the beam in second approaches as below
sequencely :

WwWw.ijmret.org ISSN: 2456-5628 Page 15



International Journal of Modern Research in Engineering and Technology (IJMRET)

www.ijmret.org Volume 3 Issue 7 Il July 2018.

.. .. .. . . 2
My d; +My,q, + My, +2¢wd, + @q, =0

Mo, d; +My0, +My; + 20,4, + w,q, =0

Mg, G; + My, + My G, + 28w, + @,7q; =0

Also can be written in a matrix form as follows;

my My My |G 28, 0 0
m, My, my|d, [+ O 2{m, 0
My My My || 0 0 2w,
_mll m12 m13
My, My My =M
_m3l m32 m33
[2¢w, O 0
0 24w, 0
0 0 2¢w,
w2 0 0
0 w? 0 |=K
0 0

equation (75) is written in a closed form

Mg +Cd+Kqg =0

WwWw.ijmret.org

=C

q, a)lz 0 0
g, |[+| 0 ®° 0
d, 0 0 o

mass matrix

damping matrix

shiftness matrix

equation of the motion
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The mass matrix elements are illustrated below

T 1
my; =0, _1+ ml(Dll (a'l)q)ll (a1)+ mzq)ll (az)q)ll (az)"' m3(D21 (KZ)(DH (gz)]M_
1

o 1
my, =0, _m1®11 (a1)q)12 (a1)+ mzq)n (a2)®12 (az)+ m3®21(€2)®22 (gz)]M_
1

o 1
My, =0, _m1CD11 (a'l)CDB (a1)+ mzq)ll (aZ)(DlS (a2)+ m3®21 (fz)q)m (fz )}M_
1
L
M 2

1

my = q.z :m1q)12 (al)(D“ (al) + m2®12 (az )(1)11 (az ) u m3(I)21 (fz)q)ﬂ (gz )]

m22 = q.Z :1+ m1CD12 (a'l)q)12 (al) + qu)lZ (aZ)(DIZ (a2 ) + qu)Zl (KZ )(DZZ (ZZ ):|_

M22
1
M22
1
M33
1
M33

) 1
My, = q31+ [mlq)w (a1)(D13 (a1) + qu)lS (aZ)(DlS (az ) T m3<D23 (fz )q)za (£2 )}M_
33

Mys =q'2 :mlq)12 (a1)q)13 (a1)+ m,®,, (a2)®13 (az)‘l' m3(I)21(£2)(I)23 (gz)}
My :q.3 [mlq)ls (al)q)ll (a1)+ mzq)n (az)q)n (az)"' m3<D23 (fz)q)zl(fz)}

m32 = q.S |:m1(D13 (al)q)12 (al) u m2(D13 (aZ )(D12 (aZ ) + mSCDZS (£2)®22 (62 )}
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In this point we change the equation () into state space equation as following :

=19
6=-M"Kg -M “Cqj

BH—JK " lc}m (85 )

CI)l,.(xl):Bl{sinh(ﬂf)i%—ssi?nh(fgﬂ;;) sin(B1), 71} (86 )
D, (x,) =B, [Si“h(ﬂf)i%Jr%Sin(ﬂﬁ)i%} (87 )

D, (a,) = B{sinh(ﬂﬁ)ﬁ-% n(B1), } (89 )

Dy, (3)= Bl{smh(ﬁ )2 ——%sin(w)z%} (90 )

®,(a,)= B{sinh(ﬂﬁ)z s'”'}%‘;’; (ﬂg)zaﬂ (91)

Dy (a) = Bl{smh(ﬁ )3——Smnh((ﬁﬂ£): sin(ﬂfh%} (92)

®,(3,)=B, sinh(ﬁ€)3a72—smh(fgﬂ£)33 W)aa;z: (93 )

®,,(¢,)=B,|sinh(B0), 5; Smnh((ﬁﬁ;l;)llsm(ﬁ@l%: (94 )
®,,(¢,)=B,| sinh(B0), 1;2 S'”n'l(ﬂﬂ;;); sin(ﬂg)zf_ﬂ (95)
®,,(¢,)=B, :sinh(w)a%r%sin(mmﬂ (96 )

The following determinant should be zero

20 o
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Numerical solution of the determinant gives Eigen values of the equation

Eigen values are

A =—Co o, 1_§2ij:_aia)dj (98)

o, =0’ + @',

Natural frequencies and damping ratio of beam which is studied can be calculated from;

0, =\’ +&, natural frequency (199)

[= G_ ©
R
@ \o*+a’,

damping ratio (100)

1. RESULTS
To illustrate the studied system a equations will be formulated by two approaches the first one is
formulate and determine the general equation and first three modes of the continues shaft without masses , the
second approaches that will be taken is to formulate and determine general equation and first three modes of the
continues shaft combined with the masses , then we solve the equations for the two approaches using Matlab .

1- We created a program to solve the equations

2- The parameters that we written in the program are as following :

Parameter Value

Elasticity modulus ( E) E —207x10° N/m?
Mass density (ro) ro=7700 kg/m®
Shaft diameter (d) d=0.25 m

Moment of inertia  (ml) mI:pixd4/64
Viscous damping ratio (z ) Z=0.02

A A=pixd®/4

WwWw.ijmret.org ISSN: 2456-5628 Page 19
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case 1
Parameter Value
Elasticity modulus (E) E =207 x10° N/m?
Mass density (ro) ro=7700 kg /m?3
Shaft diameter (d) d=0.25 m
Moment of inertia (ml) ml=pi x d*/64
Viscous damping ratio  (z) Z=0.02
A A=pixd®/4
ml=m2=m3 =30 kg
L1 =1m
L2 =lm
al =,33xL1 m
a2 =,66xL1 m
Natural frequencies
Natural frequency 1 without mass (w1l ) =1.8125x 10" 3
Natural frequency 2 without mass (w2 ) =3.3782x10"4
Natural frequency 3 without mass (w3 ) =57769 x 10" 4
Natural frequency 1 with mass ( mwl ) =0.3190
Natural frequency 2 with mass (mw2 ) =17298x10" 3
Natural frequency 3 with mass (mw3) =3.3563 x 10" 4
r21 = 3.9266
r22 = 7.0686
r23 =10.2102

case 2
Parameter Value
Elasticity modulus (E) E =207 x10° N/m?
Mass density (ro) ro=7700 kg/m3
Shaft diameter (d) d=0.25 m
Moment of inertia (ml) m|=pi><d4 / 64
Viscous damping ratio  (z) Z=0.02
A A=pixd®/4
m1l =90 kg
m2 =90 kg
m3 =40 kg
L1 =1m
L2 =lm
al =,33xL1 m
a2 =,66xL1 m
Natural frequencies
Natural frequency 1 without mass (w1l ) =1.8125x 10" 3
Natural frequency 2 without mass (w2 ) =3.3782x 1074
Natural frequency 3 without mass (w3 ) =57769 x 10" 4
Natural frequency 1 with mass ( mwl ) =0.2763
Natural frequency 2 with mass (mw2 ) =1.5935x 10" 3
Natural frequency 3 with mass (mw3) =3.3052 x 10" 4
r21 = 7.0686
r22 =10.2102
r23 =13.3518
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case 3

Parameter Value

Elasticity modulus (E) E =207 x10° N/m?
Mass density (ro) ro=7700 kg/m®
Shaft diameter (d) d=0.25 m
Moment of inertia (ml) ml=pi xd* /64
Viscous damping ratio  (z) Z=0.02

A A=pixd®/4
ml=m2=m3 =30kg

L1 =2m

L2 =2m

al =0,25xL1 m
a2 =0,75xL1 m
Natural frequencies

Natural frequency 1 without mass (w1l ) =453.1371

Natural frequency 2 without mass (w2 )

=8.4455x10"3

Natural frequency 3 without mass (w3 )

=14442x10" 4

Natural frequency 1 with mass ( mwl )

=19738x10"-6

Natural frequency 2 with mass (mw2 ) = 445.8023
Natural frequency 3 with mass (mw3) =9.5655x 10" 3
r21 =7.0686
r22 =10.2102
r23 = 13,3518
case 4
Parameter Value
Elasticity modulus (E) E =207 x10° N/m?
Mass density (ro) ro=7700 kg /m?3
Shaft diameter (d) d=0.25 m
Moment of inertia (ml) mI:pixd4/64
Viscous damping ratio  (z) Z=0.02
A A=pixd®/4
m1l =90 kg
m2 =90 kg
m3 =40 kg
L1 =2m
L2 =2m
al =0,25xL1 m
a2 =0,75xL1 m
Natural frequencies
Natural frequency 1 without mass (w1l ) =453.1371

Natural frequency 2 without mass (w2 )

=8.4455x 10" 3

Natural frequency 3 without mass (w3 )

=1.4442 x 10" 4

Natural frequency 1 with mass ( mwl )

=1.8223x 10" -6

Natural frequency 2 with mass (mw2 ) =432.1374
Natural frequency 3 with mass (mw3) =0,9846 x 10" 3
r21 =7.0686
r22 =10.2102
r23 =13.3518
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